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ABSTRACT

Traditionally optimization is done statically independent of
actual execution environments. For generating highly opti-
mized code, however, runtime information can be used to
adapt a program to different environments. In probabilistic
data flow systems runtime information on representative in-
put data is exploited to compute the probability with what
data flow facts may hold. Probabilistic data flow analysis
can guide advanced optimizing transformations in order to
improve the running time of programs. In comparison clas-
sical data flow analysis does not take runtime information
into account. All paths are equally weighted irrespectively
whether they are never, heavily, or rarely executed.

In this paper we present the best solution what we can the-
oretically obtain for probabilistic data flow problems and
compare it with the state-of-the-art one-edge approach. We
show that the differences can be considerable and improve-
ments are crucial. However, the theoretically best solution
is too expensive in general and feasible approaches are re-
quired. In the sequel we develop an efficient approach which
employs two-edge profiling and classical data flow analysis.
We show that the results of the two-edge approach are signif-
icantly better than the state-of-the-art one-edge approach.

1. INTRODUCTION

Usually, classical data flow analysis is done statically with-
out utilizing runtime information. All paths are equally
weighted irrespectively whether they are never, heavily, or
rarely executed. In contrast probabilistic data flow anal-
ysis takes runtime information into account by using edge
probabilities to distinguish between frequently and rarely
executed branches. Probabilistic data flow systems propa-
gate data flow facts along paths of the control flow graph
weighting them with edge probabilities. The resulting solu-
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tion gives us the probabilities with what data flow facts may
hold true during execution at some program point.

Probabilistic data flow analysis can guide advanced optimiz-
ing transformations in order to improve the running time of
programs. Examples for optimizations which utilize run-
time information are register allocation [6], code motion [3;
4], and redundant computations [2].

Figure 1 depicts the probabilistic optimization framework
of an optimizing compiler with a profiling feedback loop.
The profiler is responsible for producing profile information
based on the execution environment. The profile informa-
tion is passed over to the probabilistic optimizer. Con-
trol flow analysis constructs the control flow graph anno-
tated with edge probabilities. Based on the annotated con-
trol flow graph and data flow equations, the probabilistic
data flow analysis computes a probabilistic solution of the
data flow problem. Sophisticated transformations can rely
on that probabilistic solution to generate highly optimized
code. For changing execution environment the the target
code is adapted by the profiling feedback loop.

A probabilistic data flow framework has been presented by
Ramalingam [7]. In his approach it is assumed that a partic-
ular branch is independent of the execution history, which
is obviously not the case in reality. In order to discuss the
accuracy of his solution we define the theoretically best so-
lution what we can achieve and present an approach to cal-
culate that solution. We show that the differences can be
considerable and improvements are of crucial importance.
However, the approach for calculating the theoretically best
solution is too expensive in general and, hence, not feasible
in practice.

Besides the computation of the theoretically best solution,
a central part in this paper is the extension of the one-edge
approach presented in [7] to the two-edge approach, which
takes care of execution history by using two-edge probabili-
ties instead of one-edge probabilities. We specify the equa-
tion system for the two-edge approach. Then, we discuss
the results of the presented approaches in the context of our
running example.

The paper is organized as follows. In Section 2 we intu-
itively describe the problem and motivate our approach. In
Section 3 we describe basic notions used in this paper. In
Section 4 we compute Spes: based on abstract execution.
The results of the one-edge approach are presented for our
running example in Section 5. The two-edge approach is de-
veloped in Section 6, and the results of the three approaches
are discussed there. Related work is surveyed in Section 7
and, finally, we draw our conclusions in Section 8.
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Figure 1: Probabilistic optimization framework.

2. MOTIVATION

In this section we intuitively explain the theoretically best
solution, show the importance of considering execution his-
tory, and illustrate the essence of our approach. For the
sake of demonstration, we have chosen the classical reaching
definitions problem (see [5]). Figure 2 shows the control flow
graph of our running example consisting of two subsequent
branching statements inside a loop. The example has four
definitions (d; to d4) for two variable X and Y. Variable
X is defined at edges 2 —+ 4 by di and 5 — 7 by ds. Vari-
able Y is defined at edges 3 — 4 by d2 and edge 6 — 7 by
ds. Let us assume that the example executes 10 times the
loop with firstly taking 9 times left branch [1,2,4,5,7], and
terminating by taking right branch [1,3,4,6,7,8].

The classical reaching definitions problem computes that all
definitions reach nodes 1 to 8. This solution is a conserva-
tive approximation which is valid for all program runs. Ad-
ditional runtime information can refine the results according
to a specific execution environment. Rather than consider-
ing the binary information whether a definition may or will
not reach a node, a numerical value denotes with what prob-
ability a definition will reach a node.

Figure 2: Running example.

A probabilistic data flow framework which computes the
probability of data flow facts has been presented by Rama-
lingam [7]. In order to discuss the accuracy of his solution,
we have to raise the following question: What is the “best”
solution we can theoretically obtain? Consider our running
example of Figure 2 and the reaching definitions problem.
Obviously, the “best” solution Spest(d;, n) which denotes the
probability for a definition d; to reach a control flow node n
with respect to a program run 7, is given by the ratio:

nr. of times d; reaches n

Sbe“(d“n) " onr. of times n occurs in Ty (1)
E.g. consider Siest(di,4) and Spest(d2,4). Node 4 occurs
in program run w, 10 times. Hence, the denominator of
Equation 1 is 10 in both cases. To determine the number
of times d; and dy reaches node 4, we trace definitions d,
ds in execution path m,. Since edge 2 — 4 is executed 9
times, di reaches node 4 at least 9 times. In the last loop
iteration node 4 is entered through edge 3 — 4 and previ-
ously definition di has been killed on edge 5 — 7. There-
fore, definition d; does not hold in node 4 for the last iter-
ation. Hence, the number of times d; reaches node 4 is 9
and Seest(di,4) = 9/10. Similarly, since edge 3 — 4 is ex-
ecuted once and ds does not reach node 4 via edge 2 — 4,
Shest(dz2, 4) = 1/10.

The starting point of our work is Spes:. We present an ap-
proach to compute Spest, however, this approach is too ex-
pensive and not feasible in practice. Nevertheless, it enables
us to compare the results of Spest with the results achieved
in [7]. Since the differences can be considerable, better solu-
tions are of crucial importance. In fact, there are two reasons
which are responsible for the deviations. On the one hand, a
program path is reduced to edge probabilities. On the other
hand, it is assumed that a particular branch is independent
of the execution history, which obviously is not the case in
reality. The usage of edge probabilities is indispensable to
get an efficient handle on the problem. However, there ex-
ists a potential for improvements by taking the execution
history into account.

We consider execution history by using two-edge probabili-
ties instead of one-edge probabilities. E.g. consider again
our running example: Whereas in the one-edge approach
presented in [7] edges 4 — 5 and 4 — 6 are dealt with in-
dependently of the incoming edges 2 —+ 4 and 3 — 4, our
two-edge approach recognizes that paths [2,4,6] and [3,4,5]
are never taken. Hence, ds cannot reach node 5, since ds
is killed on edge 2 — 4. Similarly, we find that ds cannot



reach node 6. Additionally, since the loop is exited via path
[6,7,8], in the two-edge approach it can be determined that
definition d2 cannot reach node 8. In this paper we develop
the two-edge approach, present the results for our running
example, and compare it with the solution Spes: and the
one-edge approach.

3. PRELIMINARIES

Programs are represented by directed flow graphs G = (N, E,
s,e), with node set N and edge set E C N x N. Edges
(m,n) € E represent basic blocks of instructions and model
the nondeterministic branching structure of G. Start node
s and end node e are assumed to be free of incoming and
outgoing edges, respectively. An element m of the set of
paths II of length k is a finite sequence m = [n1,n2, ..., nk]
with £ > 0 and n; € N for all 5, 1 < ¢ < k iff for all
ie{l,...,k—1}, ni > ni41 isin F.

A program run w, is a path, which starts with node s and
ends in node e. Paths(u, v) denotes the set of all paths from
u to v. The set of all immediate successors and immediate
predecessors of a node n are succe(n)={m|(n,m) € E}
and pred(n)={m|(m,n) € E}. The function occurs :
(NUI) x I — Nj counts the number of occurrence of a
node/sub-path in a path.

Definition 1. A monotone data flow analysis problem is a

tuple DFA = (L, A, F,¢,G, M), where
e [ is a bounded semi-lattice with meet operation A.

e ' C L — L is a monotone function space associated

with L.

o ¢ € L are the “data flow facts” associated with start
node s.

¢ (G=(N,E,s,e) is a control flow graph with start node
s and end node e.

e M : E — F is a map from G’s edges to data flow
functions.

Function M is to be extended to path @ = [n1,na,..., ng]
where M (x) is defined as M(7) = M(nr—1 — ng)o M(nr_s
— ng—1)...M(ny = n2). If path 7 is empty (7 = []), then
M([]) is the identity function, Az.z. Given path m from
the start node s to some node u, we define state(w) to be

M(m)(e).

Definition 2. The meet-over-all-path (MOP) solution S(u)

for a data flow analysis problem is given as follows:

S(u) = A

WGPathS(s,u)

state(r) (2)

For bit-vector problems the semi-lattice L is a power-set 27
of finite set D. An element y in 2P represents a function
from D to {0,1}. x(d)is 1, if d is element of x, 0 otherwise.

4. ABSTRACT RUN

In Section 2 an intuitive notion of the “best” solution Spes:
has been given. Based on the monotone data flow analysis
problem DFA (see Definition 1) we can describe Speq as ab-
stract run. An abstract run computes (1) the frequencies

[ Stest(ud) [di  do dy di [ C(u) |
s 0 0 0 0 1
1 0 0 09 0 10
2 0 0 0889 0 9
3 0o 0 1 0 1
4 09 0.1 01 0 10
5 1 0 0 0 9
6 0o 1 1 0 1
7 0o 0 1 0.1 10
8 0 0 1 1 1

Table 1: Running example: Abstract Run

with what nodes occur in program run =, and (2) the fre-
quencies with what data facts hold in nodes. More formally,
the frequency C(u) of node u is defined as the number of
times u occurs in 7,

C(u) = occurs(u, ). (3)

The frequency C(u,d) denotes the number of times data fact
d holds true at u for program run w,. Function C(u,d) can
be described as a sum over a recursively defined solution
sequence of program run m, = [8, n2,... ,ng—1,€|. The first

(s) (n2) X("k—l)

element X in solution sequence [Xés)7 Xo X T,

X,Ee)] are data facts ¢, which are associated with start node s.
To abstractly execute an edge e; = n; — n;41 (1 <1< k)in
-, we use the recurrence Xi(nﬂ'l) =M(n; = m+1)(Xi(fi)).
Then we have,

Cludy= Y x")(d). (4)
0<i<k,

ni=u

In Equation 4 we increment C(u,d) whenever d holds in u.
Note that X" is element of 2° and Xi(n’)(d) returns 1 if

2
d is in set Xi(n’)7 0 otherwise.

Definition 3.

C(u,d) . .
Stest(u,d) = { ety f C(u) #0

0, otherwise

The definition above combines both frequencies. If frequency
C(u) of node u is zero, then Spesi(u,d) is zero as well. Let
us consider our running example and program run w, from
Section 2. The first element for start node s of the recur-
sively defined solution sequence is empty (Xés) =0). In
the next step we abstractly execute edge s — 1. On this
transition no reaching definition is killed or generated and,
therefore, Xl(l) is empty as well. The same is valid for edge
152 (X2(2) = (). Since d; is generated on edge 2 — 4,
X3E4) = {d; }. We continue to compute the solution sequence
until the last edge of program run =, is abstractly executed.
Now, we can sum up definition d over all elements of the so-
lution sequence, which are associated with node u. If data
fact d holds, C'(u,d) is incremented by one. E.g., X,(f) (dv)
is equal one for k € {3,8,13,18,23,28,33,38,43}. For k
equal to 48, d does not hold due to the kill of definition d;
in preceding edge 5 — 7 and the transition 1 — 3 instead
of 1 — 2.



Table 1 summarizes the results of our running example. A
column corresponds to a definition (d1 to d4). FEach row
corresponds to a node in the control flow graph. Definition
d cannot reach node u if numerical value of Sbest(u, d) 1s zero
(impossible event). If Spesi(u,d) is 1 definition d reaches
node u every time (certain event). Any other numerical
value in the range between 0 and 1 represents the likelihood
of definition d; to reach the node. E.g., the abstract run
computes a probability of 0.9 for definition ds in node 1.
Note that classical reaching definitions analysis (see Defi-
nition 2) yields that every definition can reach each node
except the start node. Nevertheless, an abstract run is
not a viable approach. The main drawback stems from the
tremendous size of program path .

5. ONE-EDGE APPROACH

Ramalingam [7] provides a one-edge framework for finite bi-
distributive subset problems to estimate how often or with
what probability a fact holds true during program execution.
The estimation is based on one-edge probabilities. Similar
to the meet-over-all-path solution (see Definition 2) a sum-
over-all-path solution was introduced to mathematically de-
scribe a probabilistic data flow problem. Note that for mod-
eling the problem Markov chains (with minor changes) are
employed. Ramalingam has shown that the sum-over-all-
path solution can be computed by a linear equation sys-
tem, which is derived from the exploded control flow graph
(ECFG) introduced by Reps et al. [8].

To compute the one-edge probabilities, the following run-
time information is required: (1) frequencies of nodes and
(2) frequencies of edges. Then, the one-edge probability
p(u — v) which denotes the probability that edge u — v is
executed once node u has been reached, is given by

: — '
= v) = occurs(u — v, 7,)

occurs(u, T, ) (©)
The frequency of edge u — v is divided by the frequency
of node u. Consequently, the sum over all probabilities of
outgoing edges must be 1,

S pusv)=1. (7)

v € suce(u)

Definition 4. The sum-over-all path is defined as follows,

E(u) = > pla), (8)

n € Paths(s, u)

E(ud) = ) p(w), 9)
7 € Paths(s, u)
state(r)(d) =1

where p(7) denotes the probability of path = and is the
product of all one-edge probabilities in path =.

E(u) is the expected number of times node u is executed and
is expressed as a sum over probabilities of paths from the
start node s to node u. The definition of E(u, d) differs from
E(u) such that paths from s to u, where data fact d does
not hold true, are excluded from the sum. Combining both
numbers give the probability prob(u,d) = E(u, d)/E(u) that
d holds true in u. Note that in this probabilistic path model
it is assumed that an outgoing edge of a node is independent
of incoming edges.

S th dpdzds A

|

1idh dpdgda A

2: d1d2d3d4/\ 3. d1d2d3d4/\

4: d1d2d3d4/\

5: d1d2d3d4/\ 6: d1d2d3d4/\

7:dy dpd3ds A

8: d1d2d3d4/\

Figure 3: Exploded flow graph of running example.

The equation system for solving F(u) and E(u,d) is de-
rived from the exploded control flow graph (ECFG). The
ECFG has N x Dy nodes, where D denotes data fact set
D extended by symbol A. The symbol A can be seen as a
data fact, that always holds true when a node is reached.
A node in the original control flow graph is represented by
|Da| nodes in ECFG. The edges of the extended control flow
graph are computed by the representation relation (see [8]).
Note that in the FCFG the transfer-functions are inlined
such that the DFA problem is reduced to a graph-theoretical
problem without having a monotone function space F'. Fig-
ure 3 depicts the exploded control flow graph (ECFG) of our
running example. We can see that edges with identity func-
tions as like as edge 1 — 2 are straight forward connections.
Nontrivial transfer functions such as 2 — 4 are represented
in ECFG such that data facts which are not destroyed are
still connected. Those data facts, which are generated, are
directly connected to A. Data facts, which are destroyed,
remain unconnected.

Based on the ECFG, a linear equation system in RT solves
the sum-over-all-paths problem. The linear equation system
is given as follows.

Ramalingam’s One-Edge Equation System:

y(s,A) =1 (10)
for all d in D:
y(s,d) = c(d) (11)

for all v in N\ {s}: for all § in Dj:
y(v,8) = Z plu = v,6) * y(u,d") (12)
(u,5') epred(v,s)

where pred(v,d) denotes the set of predecessors of node

(v,d) in the ECFG (v € N, § € Da).




| pTOb(u,5) | d1 d2 d3 d4 | y(U,A) |

s 0 0 0 0 1
1 0.082 0.299 0.817 0.332 10
2 0.082 0.299 0.817 0.332 9
3 0.082 0.299 0.817 0.332 1
4 0.908 0.369 0.082 0.299 10
5 0.908 0.369 0.082 0.299 9
6 0.908 0.369 0.082 0.299 1
7 0.091 0.332 0.908 0.369 10
8 0.091 0.332 0.908 0.369 1

Table 2: Running example: One-Edge Approach

Equation 10 sets A of start node s to 1. Equation 11 ini-
tializes data fact unknowns of start node s with either zero
or one depending on whether data facts hold true in ¢. The
last equation 12 describes the relation for unknowns, which
does not belong to start node s. The left-hand side of the
equation is a weighted sum over the unknowns of preceding
nodes in ECFG. The weights are determined by the one-
edge probabilities. Note that if there is no predecessor for a
node in ECFG, then the sum is zero.

Ramalingam has shown that the solution of unknown y(u, d)
is equal to E(u,d) and y(u, A) is equal to E(u) (for details
see [7]).

Table 2 lists the solution for our running example. In com-
parison to Table 1, we can see deviations due to the reduc-
tion of the entire path to simple edge probabilities and the
assumption that an incoming edge is independent of an out-
going edge. E.g. consider the probability of definition d4
to reach node 6. Although the abstract run yields proba-
bility 0, the result of the one-edge approach is 0.299, since
the one-edge approach does not recognize that node 6 is al-
ways entered via path [3,4,6]. This drawback leads us to
the two-edge approach which is described in the following
section.

6. TWO-EDGE APPROACH

The two-edge approach uses two-edge probabilities and the
classical MOP solution (see Def. 2) to achieve better results
than the one-edge approach. Without changing the struc-
ture of the equation system the weights of the unknowns
are modified. First, let us introduce two-edge probability
p(u, v, w) which denotes the probability that edge v — w is
executed once node v has been reached via edge u — v.

occurs([u, v, w], 7,)

p(u,v,w) = occurs(v, 7r)

Note that the sum of the two-edge probabilities p(u,v, w)
over the predecessors of v is equal to the one-edge probability

p(v, w).
3w, w)

uepred(v)

p(v,w) =

In the following we will illustrate equations of unknowns for
both approaches and discuss the differences. Note that the
equations contain two functions RD and TRANSP. RD(n, d;)
is 1, if definition d; may reach node n and 0 otherwise (i.e.
RD denotes the solution of the classical reaching definitions
problem), and TRANSP([u, v, w],d;) is 1, if path [u, v, w] is
transparent for d; (i.e. d; is not killed along that path) and

0 otherwise. In both examples probabilities of the one-edge
approach are overrated compared with the abstract run.

2
Ny

9/12/

@ Equation

Figure 4: Subgraph of Figure 2 for node 5 annotated with
edge probabilities.

First Example. Figure 4 shows a fragment of the control
flow graph of our running example. Let us consider data
flow equation at node 5 for definition ds. Since the edge
probability of 4 — 5 is given by 9/10, we have for the one-
edge approach the following equation:

y(5,d3) = 9/10 * y(4,d3)

Note that definition ds can only reach node 4 via edge
3 — 4, since ds is killed on edge 2 — 4; furthermore path
[3,4,5] is never taken. However, these facts are not reflected
by the one-edge approach. While the abstract run results
in probability 0 for ds reaching node 5, the one-edge ap-
proach propagates the value of node 4 with a probability of
9/10 which is overrated and results in a probability for ds
reaching node 5 of 0.082.

The two-edge equation is given as follows,

y(5,ds) = [p(2,4,5)« RD(2,ds) =
TRANSP([2,4,5], ds) +
p(3,4,5) « RD(3,ds) *
TRANSP([3,4,5],ds)] * y(4,ds)
The weight of y(4,ds) in equation for unknown y(5,ds) is

a sum of two probabilities. Both probabilities contribute to

the sum if and only if RD and TRANSP are one. Since

TRANSP([2,4,5],ds) = 0, and
p(3,4,5) =0,

both weights are reduced to zero and we obtain
5(57 d3) = 0 * @4(47 d3) = 07

which corresponds to the result of our abstract run.
Second Example. Let us consider definition d; in 1.
Figure 5 depicts the fragment of the control flow graph an-
notated with one-edge probabilities. Since the edge proba-
bility of 7 — 1 is given by 9/10, the equation of the one-edge
approach is given by

y(1,d1) =9/10 x y(7,d1) + 1 * y(s,d1).

Again, the probability of 9/10 is overrated. The two-edge
approach splits the factor for unknown y(7,d:) depending
on the incoming edges. For y(s, d;) there is only one factor
due to the fact that there is no preceding edge for start
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Figure 5: Subgraph of Figure 2 for node 1 annotated with
edge probabilities.

node s.
y(1,d) = [p(5,7,1)« RD(5,d:) *
TRANSP([5,7,1],d1) +
p(6,7,1)« RD(6,d;) *
TRANSP([6,7,1],d1)] * y(7,d1) +
1xy(s,di)
Since the transparency condition does not hold on the path
[5,7,1] and the probability p(6,7,1) is zero,
TRANSP([5,7,1],d1) = 0, and
p(6,7,1)=0

we can reduce the equation of y(1,d:) to,
y(l,dl) =1 g(S,dl) = 07
which perfectly matches the result of the abstract run.

Equation System. In the following an equation sys-
tem for a general probabilistic data flow problem is given.
Although the weightings of the unknowns can differ in the
two-edge approach, the structure of the equation system is
identical to the one-edge approach.

Two-Edge Equation System:
y(s,A) =1 (13)
for all d in D:
y(s,d) = c(d) (14)
for all win N\ {s}: for all § in Dj:
U(w,8) =Y p(v — w,8) *§(v,8) (15)
(v,6") epred(w,s)

where
for all w — v in F:

plv = w,A) =p(v = w) (16)

for all u — v in E: for all d in D:

plv— w,d) = Z p(u, v, w) (17)
u € pred(v),
S =1,
d e M([u,v, w])({d})
S(u)(d) denotes the classical MOP data flow solution as
given in Definition 2, and d € M(u — v — w)({d}) specifies
the transparency condition.

Equations 13, 14, and 15 describe the equation system sim-
ilar to the one-edge approach. In our approach the weight-
ings of the unknowns in Equation 15 are determined by a
function over edge u — w and data fact §. Equation 16 and
17 define the weighting function p(v — w,§). p(v — w,§)
is equal to the one-edge probability iff § is A. For a data
fact d € D we sum up the two-edge probabilities multiplied
by the classical solution and the transparency condition.
The classical solution (S(u)(d) = 1) can only deliver zero
or one. If it is zero, the corresponding two-edge probability
vanishes. The same is valid for the transparency condition
d € M([u,v,w])({d}). Note that if the transparency condi-
tion and the classical solution hold for all incoming edges the
probability p(v — w,§) is equal to p(v — w). It is impor-
tant to stress that for immediate successors of start node s
there does not exist a two-edge probability p([u — s — w])
due to the fact that there is no predecessors of the start
node. In this case we introduce an artificial node ¢, which
is an “immediate predecessors” of start node s. The two-
edge probability p(¢ — s — w) is given by the one-edge
probability p(s — w) for an immediate successor w of start
node s.

Sequence of Nodes. Our two-edge approach is superior
to the one-edge approach for joining and branching nodes.
Analysis, performed at statement-level, may lead to sub-
graphs where the nodes have exactly one predecessor and
successor node. Such sequences of nodes can cause a loss of
accuracy. Basic blocks comprise sequences of nodes, which
results in better probabilistic data flow solutions.

Discussion. For the two-edge approach the results of
our running example are shown in Table 3. To compare
the improved results with Ramalingam’s approach, Table 4
lists the deviations of Ramalingam’s approach vs. abstract
run and two-edge approach vs. abstract run for data facts
di to ds. The rows correspond to control flow graph nodes

| prob(u,(s) | d1 d2 d3 d4 | g(u,/\) |
] 0 0 0 0 1
1 0 0.299 0.817 0.332 10
2 0 0.299 0.817 0.332 9
3 0 0.299 0.817 0.332 1
4 0.9 0369 0.082 0.299 10
h) 09 0369 O 0.299 9
6 09 0369 0.081 O 1
7 0.09 0.332 0.908 0.369 10
8 0.09 0 0.908 0.369 1

Table 3: Running example: Two-Edge Approach



(A% [ & s ds dy |

s 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
1 8.2 29.9 -8.3 33.2
0.0 29.9 -8.3 33.2
2 8.2 29.9 -7.2 33.2
0.0 29.9 -7.2 33.2
3 8.2 29.9 -18.3 33.2
0.0 29.9 -18.3 33.2
4 0.8 26.9 -1.8 29.9
0.0 26.9 -1.8 29.9
5 -9.2 36.9 8.2 29.9

-10.0 36.9 0.0 29.9
6 90.8  -63.1 -91.8 29.9
90.0 -63.1 -91.9 0.0

7 9.1 33.2 -9.2 26.9
9.0 33.2 -9.2 26.9
8 9.1 33.2 -9.2 -63.1

9.0 0.0 -9.2 -62.1

Table 4: Comparison of One-Edge and Two-Edge Approach

and are grouped in a pair of two. The first line represents
deviations of Ramalingam’s approach vs. abstract run — the
second line deviations of our two-edge approach vs. abstract
run. All numbers are given in percent. Zero percent means
that there is no deviation. Maximum deviations are +100%.
Except for start node s Ramalingam’s approach deviates in
a range between £0.8 and £91.9. The perfect matches are
highlighted in Table 4. Note that the two-edge approach
can perfectly predict 11 (out of 36) data facts with a proba-
bility of zero instead of 4 perfectly predicted of the one-edge
approach which is a significant improvement in comparison
to the one-edge approach and which can be of crucial im-
portance for applications.

7. RELATED WORK

Several approaches have been proposed to improve the effi-
ciency of a program by utilizing profile information.
Ramalingam [7] presents a generic data flow framework which
computes the probability that a data flow fact holds or
does not hold for finite bi-distributive subset problems. The
framework is based on the exploded control flow graph in-
troduced by Reps, Horwitz, Sagiv [8] and on Markov chains.
However, execution history is not taken into account. We ex-
tend this one-edge approach to a two-edge approach achiev-
ing in this way significantly better results. To our best
knowledge we are not aware of any approach, which con-
siders execution history.

Proebsting and Fischer [6] introduced a new probabilistic
register allocation algorithm for quantifying the costs and
benefits of allocating variables to registers so that excellent
allocation choices can be made. For their application a prob-
abilistic data flow framework can be used to alleviate the is-
sue of describing and efficiently computing probabilities for
heuristics.

Alternatively, Ammons and Larus [1] describe an approach
to improve data flow analysis by identifying and duplicating
hot paths in the program’s control flow graph resulting in a

so-called hot path graph in which these paths are isolated.
Data flow analysis applied to a hot path graph yields more
precise data flow information. The goal of this approach
differs from our work. We improve the precision of a proba-
bilistic data flow solution and do not modify a control flow
graph in order to enable heavily executed code to be highly
optimized.

Finally, Gupta, Berson, and Fang present algorithms to im-
prove specific optimizations by utilizing profile information,
namely partial dead code elimination and partial redun-
dancy elimination. In [3] profile information is used to re-
move partial dead code along frequently executed paths at
the expense of adding additional instructions along infre-
quently executed ones. Similarly, in [4; 2] profile informa-
tion is used to remove partial redundant code along heavily
executed paths at the expense of introducing additional ex-
pression evaluations along less frequently executed paths.

8. CONCLUSION AND FUTURE WORK

Based on runtime information the results of data flow prob-
lems can be adapted to specific execution environments.
Probabilistic data flow frameworks open a wide field for so-
phisticated optimizations. In this paper we presented a the-
oretically best probabilistic data flow solution and compared
it with the state-of-the-art one-edge approach described in
[7]. The differences show that there exists an important
potential for improvements. One reason for the deviations
between the one-edge approach and the theoretically best
solution is the fact that in the one-edge approach it is as-
sumed that the probability of taking a particular branch is
independent of the execution history, which is obviously not
true. We developed a novel, practicable two-edge approach
which takes execution history into account by modifying
the weighting of the unknowns based on profile information.
The structure of the equation system itself has been retained
unchanged from the one-edge approach. The results of our
two-edge approach are significantly better than the one-edge
approach. However for our running example we still did not
succeed to meet the theoretically best solution.

Currently, we try to improve our approach further by chang-
ing the structure of the equation system itself in order to
model execution history in a better way.
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